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REPRESENTATIONS OF HERMITIAN COMMUTATIVE ∗-ALGEBRAS
BY UNBOUNDED OPERATORS
MARCO THILL
Dedicated to Christian Berg on the occasion of his sixty-fifth birthday
ABSTRACT. We give a spectral theorem for unital representations of
Hermitian commutative unital ∗-algebras by possibly unbounded op-
erators on pre-Hilbert spaces. A better result is known for the case in
which the ∗-algebra is countably generated.
1. STATEMENT OF THE MAIN RESULT
THEOREM 1. Letpi be a unital representation of a Hermitian commutative
unital ∗-algebra A on a pre-Hilbert space H 6= {0}.
The operators pi(a) (a ∈ A) are essentially normal in the completion.
The spectrum of pi is defined as the closed subset of ∆∗(A) given by
spec(pi) :=
{
σ◦pi ∈C
A :σ ∈∆∗
(
pi(A)
)}
.
There is a unique spectral resolution P on spec(pi), acting on the com-
pletion of H, such that the closure of the operator pi(a) in the completion
of H is given by
(i ) pi(a)=
∫
spec(pi)
â dP (a ∈ A).
We then have that
(i i ) the spectral resolution of the normal operatorpi(a)with a ∈ A is the
image â (P )= P ◦ â−1 of P under the function â,
(i i i ) so the normal operatorspi(a) (a ∈ A) commute spectrally (strongly),
(i v) a bounded operator b on the completion of H commutes with the
normal operators pi(a) (a ∈ A) if and only if b commutes with P,
(v) the support of P is all of spec(pi).
Notation and terminology are explained in the following section. A
proof is given in section 5 below. For countably generated ∗-algebras,
cf. Savchuk and Schmüdgen [7, Theorem 7 p. 60 f.]. Cf. [9]; [2], [3], [6].
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2. TERMINOLOGY AND NOTATION
2.1. Representations. Let (H ,〈·, ·〉) be a pre-Hilbert space. Denote by
End(H) the algebra of linear operators mapping H to H . Let A be some
∗-algebra. By a representation of A on H we shall understand an algebra
homomorphismpi from A to End(H) such that
〈pi(a)x, y〉 = 〈x,pi(a∗)y〉 for all a ∈ A, and all x, y ∈H .
The range ran(pi) := pi(A) then is a ∗-algebra as is easily seen. (Please note
that End(H) need not be a ∗-algebra for this.)
2.2. Unitisation and Spectrum. We require a unit in an algebra to be
non-zero. The notation e is reserved for units.
We denote the unitisation of an algebra A by A˜. (If the algebra A is
unital, then the unitisation A˜ is defined to be A itself.)
The spectrum spec(a) = specA(a) of an element a of an algebra A is
defined as the set of complex numbers λ such thatλe−a is not invertible
in A˜. The spectrum in an algebra is the same as in the unitisation.
2.3. Homomorphisms and Spectra. Some algebra homomorphism be-
tween unital algebras is called unital if it takes unit to unit.
If pi : A→B is an algebra homomorphism, then
specB (pi(a)) \ {0}⊂ specA(a) \ {0} for all a ∈ A, (1)
if A, B , pi are unital, then specB (pi(a))⊂ specA(a) for all a ∈ A. (2)
For a proof, see e.g. [10, Theorem (6.10) p. 32].
If A is an algebra, we denote by ∆(A) the set of multiplicative linear
functionals on A. The Gel’fand transform of a ∈ A is denoted by â.
We equip the spectrum∆(A) of an algebra A with the relative topology
induced by the weak* topology.
In an algebra A one has that
â
(
∆(A)
)
⊂ spec(a) for all a ∈ A, (3)
from equations (1) & (2), as 0 ∈ spec(a) for all a ∈ A when A does not con-
tain a unit. That is, “the range of a Gel’fand transform of a is contained
in the spectrum of a”. If A is a ∗-algebra, we denote by ∆∗(A) the set of
Hermitianmultiplicative linear functionals on A.
2.4. Hermitian ∗-Algebras. A ∗-algebra is called Hermitian if the spec-
trum of each of its Hermitian elements is real.
The above formula (1) also shows that if pi is a ∗-algebra homomor-
phism from aHermitian∗-algebra A to another∗-algebra, then the range
∗-algebra pi(A) is Hermitian. In particular, if pi is a representation of a
Hermitian ∗-algebra A on a pre-Hilbert space, then the range ran(pi) =
pi(A) is a Hermitian ∗-algebra.
The above formula (3) implies that amultiplicative linear functional on
aHermitian∗-algebra A is Hermitian,∆∗(A)=∆(A). (Real onHermitian.)
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2.5. Resolutions of Identity. The Borel σ-algebra is theσ-algebra gener-
ated by the open sets of a Hausdorff space. A resolution of identity is a
spectral measure P defined on the Borel σ-algebra of a Hausdorff space
such that the Borel probability measures ω 7→ 〈P (ω)x,x〉 are inner reg-
ular (and so outer regular) for all unit vectors x in the Hilbert space on
which P acts. (See [10, Proposition (52.4) p. 254].) The support of P then
is well-defined, see [10, Definition (39.2) p. 193].
2.6. Image of a Spectral Measure. See [10, Definition (38.29) p. 192]. A
continuous map is Borel-Borel measurable. It is called proper, if its in-
verse image of a compact set is compact. The image f (Q) =Q ◦ f −1 of a
resolution of identityQ under a proper continuousmap f is a resolution
of identity again. A continuousmap on a compact space is proper.
2.7. Commutativity for Unbounded Operators. See [9, sections 5.5 - 5.6
p. 101 ff.]. A possibly unbounded operator N in a Hilbert space is called
normal if it is densely defined, closed and N∗N = NN∗, cf. e.g. [5, 13.29
p. 368]. It then is maximally normal, cf. e.g. [5, 13.32 p. 370].
Let N be a (possibly unbounded) normal operator in a Hilbert space
6= {0}. A bounded operator T is said to commute with N if and only if
the domain of N is invariant under T , and if TNx = NTx for all x in the
domain of N . This is equivalent to TN ⊂NT . The Spectral Theorem says
that this is the case if and only if T commuteswith the spectral resolution
of N . See for example [5, Theorem 13.33 p. 371].
A bounded operator T commutes with a (possibly unbounded) self-
adjoint operator A in a Hilbert space 6= {0} if and only if T commutes with
the Cayley transform of A, cf. [10, Lemma (48.15) p. 245].
One says that two (possibly unbounded) normal operators in a Hilbert
space 6= {0} commute spectrally (or strongly), if their spectral resolutions
commute, cf. [9, Proposition 5.27 p. 107]. For two self-adjoint operators
this is the case if and only if their Cayley transforms commute.
A (possibly unbounded) operator N in a Hilbert space 6= {0} is normal
if and only if N = R + iS where R and S are self-adjoint and commute
spectrally. (This is part of [9, Proposition 5.30 p. 108 f.].)
3. REMINDERS AND PRELIMINARIES
3.1. The Cayley Transformation in Algebras. Wenext give a few remarks
on Cayley transforms in algebras. (The theory of Cayley transforms of
densely defined symmetric operators in a Hilbert space is supposed to
be known. We refer the reader to [1, 7.4A pp. 520 - 528], [11, Chapter 8 pp.
229 - 247], [9, sections VI.13.1-2 pp. 283 - 290].)
First, note that an element a of an algebra A commuteswith an invert-
ible element b of A if and only if a commutes with b−1.
Next, the Rational Spectral Mapping Theorem says that if r is a non-
constant rational functional without pole on the spectrum of an element
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a of an algebra, then
spec(r (a))= r (spec(a)).
See for example [10, Theorem (6.9) p. 31].
Let a be an element of an algebra A such that spec(a) does not contain
−i . Then
g = (a− ie) (a+ ie)−1 ∈ A˜
is called the Cayley transform of a. The Rational Spectral Mapping The-
orem implies that 1 is never in the spectrum of a Cayley transform. (Be-
cause the corresponding Moebius transformation does not assume the
value 1.) In particular e− g is invertible in A˜. A simple computation then
shows that a can be regained from g as the inverse Cayley transform
a = i (e− g )−1 (e+ g ).
If A is a ∗-algebra, and if a is Hermitian, then g is unitary, i.e. g∗g =
g g∗ = e . This follows from the above commutativity property.
If A is a Hermitian ∗-algebra, then the Cayley transformation of a Her-
mitian element of A is well-defined.
3.2. The Universal Property of the Initial Topology.
REMINDER 2 (the universal property). Let X 6= ∅ be a topological space
carrying the initial topology induced by a set of functionsF . The following
property is called the universal property of the initial topology induced by
F . A function g from a topological space to X is continuous if and only if
the compositions f ◦ g are continuous for all f ∈ F . For a proof, see [10,
Corollary (51.3) p. 251].
Please note that the weak* topology on the spectrum of an algebra A is
the initial topology induced by the Gel’fand transforms of elements of A,
cf. [10, Definition (17.1) p. 75 & Definition (51.4) p. 252].
3.3. A Spectral Theorem.
REMINDER 3 (spectral theorem). Let C a unital commutative C*-algebra
of bounded linear operators on a Hilbert space H 6= {0}. There then exists a
unique resolution of identity R on the character space ∆∗(C )=∆(C )with
c =
∫
ĉ dR for all c ∈C .
One says that R is the spectral resolution of C . A bounded operator on H
commutes with the operators c ∈C if and only if it commutes with R. The
support of R is all of ∆∗(C ). (For a proof, see e.g. [5, Theorem 12.22 p. 321
f.] or [10, Theorem (39.4) p. 193].)
4. A SUFFICIENT CRITERION FOR ESSENTIAL NORMALITY
If a is aHermitian element of a∗-algebra A and if either i or−i does not
belong to spec(a) then neither of them belongs to spec(a). (Because for
an arbitrary element b of A, one has spec(b∗)= spec(b) as is easily seen.)
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PROPOSITION 4. Let pi be a representation of a ∗-algebra A on some pre-
Hilbert space H. Assume that a is a Hermitian element of A whose spec-
trum does not contain i or −i. Then pi(a) is essentially self-adjoint.
Proof. The operator pi(a) is symmetric in H . It follows from the preced-
ing remark and formula (1) of subsection 2.3 that the spectrum of pi(a)
in End(H) does not contain i nor −i. Hence pi(a)± i1 are invertible in
End(H), and thus surjective onto H . This implies that pi(a) is essentially
self-adjoint. See [1, Proposition 7.4.12 p. 521 f.]. 
PROPOSITION 5. Let pi be a representation of ∗-algebra A on a pre-Hilbert
space 6= {0}. Let a,b be commuting Hermitian elements of A each of whose
spectrum does not contain i or −i. The self-adjoint closures of pi(a) and
pi(b) then commute spectrally.
Proof. This is so because in this case the Cayley transforms of pi(a) and
pi(b) are commuting bijective isometries of the pre-Hilbert space. 
LEMMA 6. Let A,B be two essentially self-adjoint operators in a Hilbert
space 6= {0}, whose closures A,B commute spectrally. Then A+ iB is essen-
tially normal and its closure is A+ iB.
Proof. As noted in subsection 2.7, an operator N is normal if and only if
N = R + iS where R and S are self-adjoint and commute spectrally. This
implies that A + iB is normal. In particular A + iB is closed. It follows
that A+ iB is closable and its closure is easily seen to extend the closed
operator A+ iB ⊃ A+ iB . Therefore A+ iB = A+ iB . 
THEOREM 7. Let pi be a representation of a ∗-algebra A on a pre-Hilbert
space 6= {0}. Let a,b be commuting Hermitian elements of A each of whose
spectrum does not contain i or −i, and put c := a+ ib. The operators pi(a)
andpi(b) are essentially self-adjoint and their closures commute spectrally.
The operator pi(c) is essentially normal, and one has
pi(c)=pi(a)+ ipi(b).
Proof. This follows from the preceding three items. 
COROLLARY 8. Let pi be a representation of some commutative Hermitian
∗-algebra A on a pre-Hilbert space 6= {0}. Then for each element c of A
the operator pi(c) is essentially normal. If c = a+ ib with a,b Hermitian
elements of A, then the operatorspi(a) and pi(b) are essentially self-adjoint,
their closures commute spectrally, and one has
pi(c)=pi(a)+ ipi(b).
Things like these have been noted before, [8, Corollary 8.1.20 p. 210 &
Corollary 9.1.4 p. 237]. I came to them through a good question.
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5. PROOF OF THE MAIN RESULT
Let pi(A) be a Hermitian commutative unital ∗-algebra of linear oper-
ators on a pre-Hilbert space H 6= {0}, such that 〈pi(a)∗x, y 〉 = 〈x,pi(a)y 〉
holds for all pi(a) ∈pi(A) and x, y ∈H . Then ∆
(
pi(A)
)
=∆∗
(
pi(A)
)
.
Now let pi(a) ∈ pi(A). The linear operator pi(a) is essentially normal. To
see this, apply corollary 8 to the identical representation ofpi(A). Wemap
pi(a) to its normal closure pi(a). The same ∗-algebra results. Let pi(A)sa
denote the set of Hermitian elements of pi(A).
Let κ : a → (a − ie) (a+ ie)−1 denote the Cayley transformation in the
Hermitian ∗-algebra pi(A), or in the complex plane, cf. subsection 3.1.
The unitary Cayley transforms κ
(
pi(a)
)
∈ pi(A) of the self-adjoint oper-
atorspi(a) ∈pi(A)sa generate a unital commutative∗-algebra of bounded
operators B that is ⊂ pi(A), as pi(A) is Hermitian. Let R be the spectral
resolution of the completionC of B , cf. reminder 3 in subsection 3.3.
We map ∆∗(C ) to ∆∗
(
pi(A)
)
. Indeed, if τ ∈ ∆∗(C ), then τ|B ∈ ∆
∗(B) by
density of B inC . We next use that B ⊂pi(A), as noted above.
STATEMENT 9. The function τ|B ∈∆
∗(B) extends uniquely toσ ∈∆∗
(
pi(A)
)
.
Proof. The set
S := {c ∈ B : c is invertible in pi(A) }
is a unital ∗-subsemigroup of B . Hence the set of fractions
F := {c−1b ∈pi(A) : c ∈ S, b ∈ B }
forms a unital ∗-subalgebra of pi(A).
Next, let pi(a) ∈ pi(A)sa , and let g ∈ B be its Cayley transform. Cf. sub-
section 3.1. Then pi(a) is the inverse Cayley transform of g :
pi(a)= i (e− g )−1(e+ g ).
This says that pi(a) is of the form c−1b where b,c ∈ B with c invertible in
pi(A). That is, pi(a) ∈ F . Thus F contains every element of pi(A)sa . Since
F is a complex vector space, it follows that F is all of pi(A).
For pi(a) = c−1b ∈ pi(A) with c ∈ S, b ∈ B , put σ
(
pi(a)
)
:= τ(c)−1τ(b).
(Please note here that τ(c) ∈ spec(c) is never zero for c ∈ S, cf. formula
(3) of subsection 2.3.) (Please note that this definition is independent of
the representatives c ∈ S, b ∈ B of pi(a) ∈ pi(A).) It is easy to verify that
this definition extends τ|B uniquely to a Hermitian multiplicative linear
functional σ on all of pi(A). 
STATEMENT 10. For pi(a) ∈pi(A)sa and τ ∈∆
∗(C )we have
á
κ
(
pi(a)
)
(τ)= κ
(pi(a)(σ)).
Proof. Indeed, by the homomorphic nature ofσ ∈∆∗
(
pi(A)
)
, we then find
τ
(
κ
(
pi(a)
))
=σ
(
κ
(
pi(a)
))
= κ
(
σ
(
pi(a)
))
. 
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The map f : ∆∗(C )→ ∆∗
(
pi(A)
)
,τ 7→ σ is continuous, by the universal
property of the weak* topology, cf. reminder 2 of subsection 3.2. Indeed,
it is obtained by extension from the ∗-subalgebra B of pi(A).
A spectral resolution Q on ∆∗
(
pi(A)
)
is defined as the image measure
f (R) of R under the above continuous map f : ∆∗(C ) → ∆∗
(
pi(A)
)
, see
section 2.6. (We use that ∆(C ) is compact, asC is unital, along with B .)
STATEMENT 11. The spectral resolutionQ satisfies
pi(a)=
∫pi(a)dQ for all pi(a) ∈pi(A).
Proof. For pi(a) ∈pi(A)sa , we compute
κ
(
pi(a)
)
=
∫ á
κ
(
pi(a)
)
dR
=
∫
κ
(pi(a))dQ see statement 10
=
∫
κdpi(a)(Q) see [10, (38.30) p. 192]
= κ
(∫
iddpi(a)(Q)) see [10, (48.18) p. 246]
= κ
(∫pi(a)dQ) see again [10, (38.30) p. 192]
or, by injectivity of the Cayley transformation
pi(a)=
∫pi(a)dQ.
Let now c ∈ A be arbitrary, and let a,b be Hermitian elements of A with
c = a + ib. Corollary 8 (applied to the identical representation of pi(A))
says that pi(c) is normal and that
pi(c)=pi(b)+ ipi(a)=
∫
â dP + i
∫
b̂ dP
⊂
∫
ĉ dP,
cf. [10, Theorem (47.12) p. 237]. Since themember on the right hand side
is normal, cf. [10, Theorem (47.18) p. 239], it follows by maximal normal-
ity of pi(c) (subsection 2.7) that
pi(c)=
∫
ĉ dP. 
Let now pi be a unital representation of a unital ∗-algebra A on a pre-
Hilbert space H 6= {0}. Assume that its image pi(A) is commutative and
Hermitian, e.g. A commutative and Hermitian. Please note that then
∆
∗
(
pi(A)
)
=∆
(
pi(A)
)
. Continue with the notation as above.
By definition in theorem1the spectrumof the representationpi is given
as
spec(pi)=
{
σ◦pi ∈C
A :σ ∈∆∗
(
pi(A)
)}
⊂∆
∗(A).
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Consider the map pi∗ adjoint to pi, given by
pi
∗ :∆∗
(
pi(A)
)
→ spec(pi)⊂∆∗(A)
σ 7→pi
∗(σ)=σ◦pi.
The adjointmappi∗ is easily seen to be continuous, by the universal prop-
erty of the weak* topology, cf. reminder 2 of subsection 3.2. So a spectral
measure P on spec(pi) is defined as the image pi∗(Q) ofQ under the con-
tinuous map pi∗. It is a spectral resolution as P equals (pi∗ ◦ f )(R), cf.
section 2.6. (We use again that∆(C ) is compact, asC is unital.)
STATEMENT 12. The spectral resolution P satisfies
pi(a)=
∫
spec(pi)
âdP for all a ∈ A.
Proof. We compute
pi(a)=
∫pi(a)dQ
=
∫
σ
(
pi(a)
)
dQ(σ)
=
∫
(σ◦pi)(a)dQ(σ)
=
∫
â (σ◦pi)dQ(σ)
=
∫
â
(
pi
∗(σ)
)
dQ(σ)
=
∫
(â ◦pi∗)(σ)dQ(σ)
=
∫
(â ◦pi∗)dQ
=
∫
âdpi∗(Q)=
∫
âdP 
Statements (ii) & (iii) of the main result, theorem 1, follow via unique-
ness of the spectral resolution. In order to prove statement (iv), we note
that if a bounded linear operator b on the completion of H commutes
with P , then it commutes with all operatorspi(a) (a ∈ A), by statement (i).
To prove the converse, we note that if a bounded linear operator on the
completion of H commutes with all operators pi(a) (a ∈ A), then it com-
mutes with all operators in the commutativeC*-algebraC , by subsection
2.7, and so with its spectral resolution R , and then with its imageQ, and
thuswith the image P thereof. In order to prove statement (v) of themain
result, theorem 1, which says that the support of P is all of spec(pi), con-
sider the preimage under the continuousmap pi∗ ◦ f of a closed subset∆
of spec(pi), and use that the support of R is all of ∆∗(C ). This finishes the
existence proof of the main result, theorem 1.
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Now for uniqueness. We first recall that themap pi∗◦ f :∆∗(C )→∆∗(A)
is continuous and proper. It is injective as well, as the Hermitian mul-
tiplicative linear functional τ can be regained (by automatic continuity)
from (pi∗◦ f )(τ)=σ◦pi via their common restriction τ|B as B ⊂pi(A). The
map pi∗ ◦ f as well as its inverse thus takes compact sets bijectively to
compact sets. Uniqueness then follows by inner regularity.
Remark. I came to this result by a good question. So I don’t claim orig-
inality of the result nor precedence of the proof. A suggestion made me
join the operator theoretic part with the representation theoretic part of
the approach. The proof used a group (in the v1 and v2 versions of the
manuscript), whereas I had a ∗-algebraic proof in mind. The purpose of
this version v3 is to correct that. Separation of the range part from the
representation part of the proof as well as the inclusion B ⊂ pi(A) stem
from hints. The facts added in this version v3, namely that the spectrum
is closed, and that the resulting spectral measure is a spectral resolution
on the spectrum, and is unique that way, as well as the fact that its sup-
port is all of the spectrum, stems from hints by unnamed.
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